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We have developed a multiscale model that allows to study the development of plasticity at two length
scales: (i) the development of plastic zones inside individual struts (microscopic scale) and (ii) the forma-
tion of plastic localization bands at the scale of the cellular architecture (mesoscopic scale). We address
how plasticity at both scales contribute to the macroscopic yielding and strain hardening of cellular met-
als. One of the important results is that, in contrast to strain hardening in dense metals, strain hardening
in cellular metals consist of a synergistic contribution of two sources: (i) strain hardening of the solid
material (microscopic scale) and (ii) geometric hardening due to strut reorientation (mesoscopic scale).
We show that the synergy of the two leads to an enhanced macroscopic hardening capacity. Our results
are in qualitative agreement with experimental studies and elucidate the microstructural origin of plastic
hardening in this class of materials.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Metal foams have a combination of properties that make them
attractive for many engineering applications. They possess a high
bending stiffness-to-weight ratio and are used as cores in sand-
wich panels. Their ability to absorb energy with large strains at al-
most constant stress makes them suitable for impact absorption
devices. The open-cell foams contain an interconnected structure
of pores which gives them a high surface area and good thermal
conductivity; they are used in heat exchangers and ﬁlters. With
improved processing technologies, metal foams could increasingly
be used in the automobile industry and even in some space appli-
cations (Ashby et al., 2000; Banhart, 2001; Degischer and Kriszt,
2002).
The mechanical properties of foams, in particular the elastic
properties, have been extensively studied (Gibson and Ashby,
1997; Gibson, 2000). Relations between the elastic properties of
the foam and its relative density are obtained using dimensional
arguments based on their deformation mode (Gibson and Ashby,
1997). Experiments have shown that yielding not only depends
on the deviatoric stress, but also has a strong hydrostatic stress
dependence (Triantaﬁlliou et al., 1989; Deshpande and Fleck,
2000; Gioux et al., 2000; Sridhar and Fleck, 2005). Assuming elas-
tic–perfectly plastic behaviour for the bulk material, the yield sur-
face of the foam can be obtained in the hydrostatic and deviatoricll rights reserved.
+31 50 3634886.stress space (known as the GAZT model, Gibson et al. (1989)),
which captures the change in the yield surface with relative den-
sity. Phenomenological constitutive models are also proposed,
e.g., Deshpande and Fleck (2000), based on the experimental obser-
vations. They have observed that the hydrostatic and shear yield
strengths evolve independently at different rates and introduced
a differential hardening model to capture the evolution of the yield
surface. Recently, mechanistic models accounting for dissipative
mechanisms like plasticity, viscoplasticity and damage (Segerstad
et al., 2008) and deformation induced anisotropy have been devel-
oped (Segerstad and Toll, 2008).
Theoretical investigations using micromechanical models have
shown that the randomness in cell shape (Silva and Gibson,
1997; Silva et al., 1995; Zhu et al., 2001a), imperfections (Chen
et al., 1999) and the cell wall shape (Harders et al., 2005; Gong
et al., 2005) inﬂuence the overall properties, in particular the plas-
tic collapse stress. The imperfections such as cell wall misalign-
ment or waviness cause the foam to yield at much lower applied
hydrostatic stresses compared to the foam with a regular, perfect
microstructure (Chen et al., 1999). These defects are believed to
produce signiﬁcant errors in experiments (McCullough et al.,
1999). The presence of non-uniform strut cross sections slightly
increases the uniaxial yield strength (Chen et al., 1999; Kim and
Al-Hasani, 2001, 2002) and slightly decreases the hydrostatic yield
strength (Chen et al., 1999).
From a microstructural perspective, plastic collapse of the foam
under compression occurs by the formation of plastic hinges near
the cell vertices, followed by cell collapse and the progressive
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eter in width (McCullough et al., 1999; Bart-Smith et al., 1998; Bas-
tawros et al., 2000; Zhou et al., 2004). In open-cell metal foams,
plastic bending of the struts oriented away from the loading axis
and plastic buckling of the struts oriented near the loading direc-
tion are reported to be the most important mesoscopic deforma-
tion mechanisms under compression (Zhou et al., 2002; Zhou
et al., 2004), while the microscopic plastic deformation is
manifested by the occurrence of slip lines in the plastic hinges
(Zhou et al., 2004; Marchi et al., 2004). The tensile deformation
of either closed-cell or open-cell foam differs in a way that the
strains are more uniformly distributed and no localization bands,
as in compression, could be observed. However, local strain peaks
due to preferential strain growth at weak locations is reported
which could become the potential sites for damage initiation (Motz
and Pippan, 2001; Onck and Mangipudi, 2009).
After the initiation of yielding, the deformation of the foams is
controlled by the strain hardening of the solid material. The effect
of linear strain hardening in hexagonal honeycombs under com-
pression was reported by Papka and Kyriakides (1994). They found
that the plastic response of the honeycomb is related to the bulk
material hardening. A few more attempts, both experimentally as
well as theoretically, have addressed the strain hardening in foams
(Despois et al., 2004; Marchi and Mortensen, 2001; Marchi et al.,
2004; Amsterdam et al., 2008a). Marchi and Mortensen (2001)
showed that (at small strains) the hardening exponent of the foam
is identical to that of the solid material and proposed a stress–
strain law for the foam accounting for the relative density. In a
number of experiments reported in Amsterdam et al. (2008a) this
has been veriﬁed with the scaling of the peak stress. However, at
large strains, the analysis of Despois et al. (2004) is not valid due
to the geometric non-linearities involved. Thus, the strain harden-
ing in foams at arbitrary deformations remains to be understood
and forms the subject of this paper.
Strain hardening is not only important for the structural integ-
rity of components that are limited by extreme plastic deformation,
but also plays an important role in controlling the onset of damage.
Fracture behaviour of metal foams has generated much interest re-
cently (Motz and Pippan, 2002; Onck et al., 2004; Amsterdam et al.,
2008a,b,c) and witnessed the importance of pre-peak deformation
which depends on strain hardening. Amsterdam et al. (2008b) have
shown that the onset and evolution of internal damage in the foam
depends sensitively on the yield stress and hardening exponent of
the solid material. Schmidt and Fleck (2001) have shown that the
fracture toughness of cellular structures varies with the strain hard-
ening capacity. The intrinsic strain hardening of the solid material
can be altered by changing the cell wall microstructure, which is
usually achieved either by altering the material composition or
through a heat treatment. Suchmicrostructural changes are usually
associated with changes in other material properties, for example
the yield stress (Zhou et al., 2002; Amsterdam et al., 2008b). Hence,
an insight of the relation between strain hardening and damage is
not only of fundamental interest, but also has a strong industrial
importance in improving the production technologies and post-fab-
rication heat treatments. However, a detailed and systematic study
of the strain hardening and its relation to the plastic and damage
mechanisms inmetal foams has not been carried out so far; this will
be the subject of this paper.
The principal goal of this paper is to provide a full understand-
ing of the relation between the plastic properties of the strut mate-
rial and the overall hardening behaviour of the foam. We will
develop a multiscale model which will be used to investigate the
effect of solid material strain hardening on the spread of plastic
deformation inside the struts as well as at the cellular microstruc-
ture level. In addition, the consequences for damage initiation for a
range of heat treatments will be analysed.The paper is organized as follows. In Section 2, the plastic con-
stitutive laws for the stress resultants at the strut level will be de-
rived and implemented in a ﬁnite element discretization of the
foam. In Sections 3.1 and 3.2, simulations with regular hexagonal
and Voronoi honeycomb structures are presented showing the
development of plasticity at the strut and microstructural level.
The underlying mechanism of hardening will be summarized in
Section 3.3. Scaling relations for hardening will be investigated in
Section 3.4. Finally, in a case study, two heat treatments will be
compared in Section 4.
2. Model
A discrete model of the open-cell foam will be presented in this
section. We use two-dimensional Voronoi tessellations to describe
the structure of the open-cell network. Since most of the deforming
struts in an open-cell foam are slender, we neglect any shear defor-
mation in the struts and treat them as Euler–Bernoulli (EB) beams.
In the following, elasto-plastic Euler–Bernoulli beam equations
will be developed. The plastic constitutive relations for the axial
force and moment as functions of the axial and bending strains
are derived under both uncoupled and coupled strain assumptions.
2.1. Elasto-plastic beam model
The deformation of the beam is described in terms of the axial
and transverse displacements of its axis u = {u,v} in the local co-
ordinate system. The characteristic strains, given by the axial strain
 and the curvature j, contribute to the strain e at any material
point p(x,y) (which was at p(X,Y) in the reference conﬁguration
V) as
e ¼ du
dX
þ 1
2
dv
dX
 2
 y d
2v
dX2
¼ e yj: ð1Þ
The internal virtual work can be written as
dWi ¼
Z
V
derdV ; ð2Þ
where r is the stress at the point p(x,y) (see Fig. 1). From Eqs. (1)
and (2) and for a beam of rectangular cross section with thickness
t and out-of-plane thickness b, we can write
dWi ¼
Z
X
ðdeP þ djMÞdX; ð3Þ
where
P ¼ b
Z
y
rdy and M ¼ b
Z
y
yrdy: ð4Þ
If the strains are elastic, assuming a linear elastic material
behaviour (r = Ee) Eq. (4) becomes
P ¼ EAe and M ¼ EIj; ð5Þ
where E is the Young’s modulus, A = bt is the cross sectional area
and I is the moment of inertia.
One approach to obtain plastic constitutive relations is (a) to
assume that during the plastic deformation the assumptions of
the EB beam deformation continue to be valid, (b) to assume uncou-
pled characteristic strains and (c) to neglect the gradual elastic–
plastic transition. In that case, the moment M is deﬁned to be a
function of curvature j alone, while the normal force P is deﬁned
to be dependent on only the axial strain e. Then assumption ‘c’ leads
to instantaneous yielding of the entire cross section either when the
moment M reaches the plastic section moment MP ¼ 14 bt
2rY or
when the normal force P equals the yield force ArY with rY
being the yield stress. Instantaneous yielding means that the linear
Fig. 1. Schematic diagram of the model. From the updated strain distribution across the thickness of the strut (bottom), the elastic–plastic boundary (n and n) is known. The
stress resultants, P and M, are obtained by integrating the stress state over the beam cross section for a given elastic–plastic constitutive behaviour (right) at any material
point p(x,y).
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such that jr(y)j = rY. With these assumptions, hardening laws for
the normal force and the moment can be obtained (Mangipudi
and Onck, 2006). An improvement to this approach is made by
accounting for the gradual plastiﬁcation of the cross section (i.e.
dropping the assumption ‘c’), while the coupling can be accounted
for by dropping assumption ‘b’ as well. In this work we study two
different hardening laws: linear hardening
r ¼
Ee 8 0 6 jej 6 eY;
e
jej ðrY þ HjepjÞ 8 jej > eY
(
ð6Þ
and power-law hardening
r ¼ ejejrY 1þ
E
rY
jepj
 N
8 jej > eY: ð7Þ
Here H is the plastic tangent modulus, eY = rY/E, jepj = jej  eY is
the accumulated strain after yielding and N is the strain hardening
exponent. We derive closed-form expressions for the moment and
axial force as a function of axial strain and curvature for these
material models (see Appendix A). Using these expressions is com-
putationally convenient and enables us to track the development
of the elastic–plastic front across the beam thickness without the
necessity of numerical integration using cross sectional ﬁbers. Note
that after the initiation of yielding, plastic constraint effects at the
elastic–plastic boundary may cause out-of-plane stresses to devel-
op, violating the plane stress conditions locally in the plastic zones/
hinges. We neglect this effect and assume no out-of-plane stresses
to be present after yielding and proceed with two-dimensional
beam theory for the struts.
2.2. Finite element implementation
In this section, we present a locally shallow arch extensible Eu-
ler–Bernoulli beam formulation in an updated-Lagrange frame-
work. In a structure consisting of many curved struts at different
orientations, the strut axis is discretized into linear beam elements
with appropriately deﬁned local co-ordinate systems. Let the nodal
displacement and force vectors in the local co-ordinate system be
denoted byp ¼ u1 v1 /1lr u2 v2 /2lr½ T and
f ¼ fx1 fy1 m1=lr fx2 fy2 m2=lr
 T
; ð8Þ
where ui, vi and /i are the local axial displacement, transverse dis-
placement and rotation in the node i (i = 1,2), respectively, and
fxi ; f yi and mi are the associated nodal forces and moments; lr is
used to enforce that all entries of p and f have the same dimensions
and it is taken to be the average strut length. The axial and trans-
verse displacements of the neutral axis along the beam element
are expressed in terms of the nodal quantities as
u vf gT ¼ Nu Nv½ Tp; ð9Þ
whereNu andNv are the vectors containing the standard shape func-
tions of the EB beamelement expressed in the isoparametric co-ordi-
nate n = 2X/L  1 and n 2 [1,1] (Wriggers, 2008). Here, L is the
length of the beam element in the reference conﬁguration. We as-
sume theaxial forceP tobeuniformover the element. Then it is useful
to deﬁne an effective axial strain uniform over the element length
(see the discussion in Section 7.1.3 in Crisﬁeld (1991)) according to
1 ¼ 1L
Z
X
edX ð10Þ
and its variation is
d1 ¼ 1L
Z
X
dedX: ð11Þ
For small strains, we introduce an approximation that l  L,
where l is the current length of the beam element. Using Eqs. (3)
and (8)–(11), one can now choose
s ¼ fx2 fy1 m2=L
 T ð12Þ
as the generalized stresses and the corresponding work conjugates
e ¼ L1 ðv1  v2 þ /1LÞ ð/2  /1ÞL½ T ð13Þ
as the generalized strains. It should be noted that the generalized
strain vector e is non-linear in p due to e1 and its variation due to
the variation in p is
de ¼ @e
@p
dp ¼ DðpÞdp; ð14Þ
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Dij ¼ @ei
@pj
: ð15Þ
Next we derive the relation between the generalized stresses
and generalized strains. For numerical convenience, we incorpo-
rate plastic deformation through a viscoplastic relation between
strain rates and stresses. We assume an additive decomposition
of the elastic and viscoplastic strain rates:
_e ¼ _eel þ _evp: ð16Þ
The elastic constitutive relations for the EB beam are given by
P ¼ EA1; M ¼ EI d
2v
dX2
and V ¼ EI d
3v
dX3
: ð17Þ
Substituting Eq. (9) in the constitutive relations, one readily ob-
tains thegeneralized stress-generalized strain relation in rate formas
_s ¼ S _eel; ð18Þ
with S as a function of EA/L and EI/L3.
The viscoplastic strain rate of a beam under uniaxial tension can
be written as a power law dependence on the force P according to
_evp ¼ _e0 PP0
 n
; ð19Þ
where _e0 and n are the viscoplastic material parameters, P0 = r0A, r0
is the reference stress and A is the cross sectional area. By adopting
this power law relation (Eq. (19)) and setting the exponent n?1,
rate-independent plasticity can be recovered with r0 = rY. In this
limit, the material parameters ( _e0 and n) loose their physical signif-
icance and become parameters of the numerical method.
For perfect plasticity, the viscoplastic curvature rate can be ex-
pressed in a similar form as Eq. (19):
_jvp ¼ _j0 MM0
 n
; ð20Þ
where M is the bending moment and M0 = (1/4)bt2rY is the fully
plastic moment (Mangipudi and Onck, 2006). Taking Eqs. (19) and
(20) with a large n ensures that the normal force P and moment
M in the beam follow the reference force (P0) and reference moment
(M0) when the material is inelastically strained. To incorporate
strain hardening, the form of these two equations is preserved
and the reference quantities P0 and M0 are taken to be dependent
on the accumulated strain ð ¼ fe;jgÞ through the constitutive
laws derived in Appendix A.
To obtain the generalized viscoplastic strain rates as a function
of the generalized stresses, we integrate Eqs. (19) and (20) along
the beam length, giving the following closed form expression
_evp ¼ _evpðsÞ: ð21Þ
Details of the derivation and the resulting expressions for g1, g2
and g3 are given in Appendix B.
The ﬁnal system of equations for one element now follows from
the rate form of the principle of virtual work
_deTs ¼ _dpTfext;
dpTs1
@DT1
@p
_pþ dpTDT _s ¼ dpT _fext ð22Þ
where fext is the external load vector. By substituting Eq. (18) and
_e ¼ D _p in the above equation, we obtain
ðkM þ kGÞ _p ¼ _fext þ _fvp ð23Þ
with kM = DTSD, k G ¼ s1ð@DT1=@pÞ and _fvp ¼ DTS _evpðsÞ. Here, D1 is
the ﬁrst row of the matrix D, while kM and kG are the elementmaterial and geometric stiffness matrices, respectively. It should
be noted that the second and third rows in D are independent of
p (refer to Eq. (15)) and thus their variation w.r.t. p is zero. The only
non-zero contribution to kG is from the variation in the ﬁrst row of
D. We adopt an explicit time integration so that at the beginning of
every step p = 0 and the strain–displacement matrix D becomes
independent of p. If an implicit Newton-like procedure were
adopted, p would be zero for the predictor step and would be
non-zero (leading to non-linear D) for the subsequent corrector
iterations. To speed up the solution procedure, we use a forward
gradient method for the time integration of the viscoplastic strain
rates. The transformation of the vectors and matrices to the global
co-ordinate system following the standard transformation and
assembly rules gives the ﬁnal global ﬁnite element equations.3. Results and discussion
Uniaxial loading simulations were performed on two different
kinds of structures: a regular hexagonal honeycomb structure (Sec-
tion 3.1) and a two-dimensional random Voronoi structure (Sec-
tion 3.2). Fig. 2(a) shows the unit cell (solid lines) chosen to
study the regular hexagonal honeycomb (dashed lines). Because
of the symmetry, we only need to analyze one quarter of the unit
cell (indicated by thick solid lines). Following a convergence study
on the unit cell, a discretization of 100 equal-sized elements per
strut has been used. Two sets of boundary conditions are employed
in this study: uniaxial tension and uniaxial straining. For the for-
mer the boundary conditions are u = v = / = 0 at A, u = fy = / = 0 at
B and fx =m = 0, v = U at C. With this set of boundary conditions,
the deformation of the honeycomb is essentially bending domi-
nated. For the uniaxial straining case, we additionally constrain
the horizontal displacements at C, which will result in zero lateral
strain and a much greater axial deformation in the inclined strut.
For Voronois, a network of 16  20 (width  height) cells with a
mesh of 60 elements per strut has been found to converge. A typ-
ical network is shown in Fig. 2(b) along with the boundary condi-
tions. The Voronoi structures are generated using a regularity
parameter of 0.9 (Zhu et al., 2001b). Unless otherwise stated, all
the simulations are performed with the coupled strain model of
Appendix A.2.
The input parameters for the material model are the yield stress
(rY), Young’s Modulus (Es) and strain hardening exponent (Ns) of
the solid material. The Young’s Modulus is 70 GPa in all the calcu-
lations presented here. During the parametric study, Ns and rY are
systematically varied such that Ns = 0.1, 0.2 and 0.3, while
rY = 50 MPa, 100 MPa, 150 MPa, 200 MPa, 250 MPa and 300 MPa.
In case of linear strain hardening, the plastic tangent modulus Hs
is chosen to be 5 GPa to give a comparable hardening slope as
the power law relation with Ns = 0.2.
For a regular hexagonal structure, the relative density q*/qs de-
pends on the strut’s thickness over length ratio t/l according to
q=qs ¼ ð2=
ﬃﬃﬃ
3
p
Þðt=lÞ (Gibson and Ashby, 1997). For Voronoi honey-
combs, an average thickness tavg is assigned to every strut such that
tavg = (WH/L)(q*/qs) whereW and H are the width and height of the
Voronoi and L is the total strut length. Hence, in both cases the
strut thickness is uniform over the structure. Unless it is speciﬁ-
cally stated, we take the following default values: for the unit cell
t/l = 0.1 (q*/qs = 0.115) and q*/qs = 0.12 for the Voronoi structures
and rY = 150 MPa.
It should be noted, however, that the relative density, calculated
by the above mentioned procedure, is overestimated. This is due to
the fact that the material from the overlapping/intersecting por-
tions of the struts at the nodes is counted more than once. The
resulting error in relative density increases with increasing strut
thickness t and will be larger for a non-uniform strut proﬁle as
Fig. 2. (a) Unit cell of a regular hexagonal honeycomb structure and (b) random Voronoi structure.
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Fig. 3. Regular hexagonal honeycomb of power law hardening solid material (Ns = 0.2) subjected to uniaxial tension: (a) stress–strain curve, (b) evolution of stress proﬁles at
x = 0 in the inclined strut and (c) evolution of elastic plastic boundary along the length of the inclined strut. The proﬁles in (b) and (c) are plotted at overall strains
corresponding to the labeled points in (a). The line styles in (b) and (c) are related.
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In foam models represented by structural elements, this problem
can be avoided by connecting the struts to the surface of rigid
nodes instead of connecting to their centre (Warren and Kraynik,
1987; Chuang and Huang, 2002). Gong et al. (2005) have used
three-dimensional geometric models (where the intersecting strut
material is removed and the nodes are trimmed with smooth sur-
faces) to obtain a relationship between the corrected relative den-
sity and the strut dimensions. It should also be noted that for large
relative densities the ratio t/l increases, so that shear deformations
increasingly contribute to the overall compliance (see Gong et al.
(2005)). In this study we do not account for this, but restrict our-
selves to densities smaller than 20% for which the errors remain
limited.
In all the simulations the out-of-plane thickness b is taken to be
unity, so that the forces and the moments are per unit out-of-plane
thickness. The overall stresses r* and strains * are calculated as
follows. If F is the force in the vertical direction at point C of the
unit cell in Fig. 2(a), the stress r* on the regular hexagonal honey-
comb is calculated as 2F=ð
ﬃﬃﬃ
3
p
lÞ and the strain * is 4U/(3l). For the
Voronoi structures, summation of all the vertical forces at the top
boundary nodes divided by the width of the structure gives theoverall stress r*. The strain * follows from U/H (see Fig. 2(b)). Both
the regular hexagons and Voronoi stresses r* are normalized by the
plastic collapse stress rpl of a regular hexagonal honeycomb of cor-
responding relative density given by Eq. (26).
3.1. Evolution of plasticity in regular hexagonal honeycomb structures
3.1.1. Strut deformation and triple point behaviour
In the unit cell shown in Fig. 2(a), only the inclined strut (strut
BC) is subjected to bending while the vertical strut (strut AB) only
experiences uniaxial tension for both sets of boundary conditions.
In the constrained case of uniaxial straining, the axial forces in the
inclined strut will be large and will show a mixed type of loading.
To understand the role of plastic hardening at the triple points, the
stress–strain response of the unit cell is studied and is related to
the evolution of the stress proﬁle in strut BC near the triple point
(the point x = 0 along the length of BC).
Fig. 3(a) shows the overall stress–strain curve of a regular hex-
agonal structure subjected to uniaxial tension. The stress proﬁles
near the triple point (x = 0 of strut BC in Fig. 2(a)) and the elas-
tic–plastic boundaries along the inclined strut are shown in
Fig. 3(b) and (c), respectively, for different overall strains. For these
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Fig. 4. Effect of the strain hardening exponent Ns on (a) stress–strain response of a regular hexagonal honeycomb, (b) the stress proﬁle at x = 0 in the inclined strut and (c) the
elastic–plastic boundaries. Proﬁles in (b) and (c) are plotted at a strain * = 0.9 denoted by the symbols in (a). The line styles in (a), (b) and (c) are related.
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tirely dominated by bending. This can be seen from the nearly
symmetric stress and elastic–plastic boundary proﬁles in
Fig. 3(b) and (c). The evolution of the elastic–plastic boundary in
Fig. 3(c) can be explained as follows. Initially, yielding of the top
and bottom surface ﬁbers occurs in the inclined member of the
unit cell near the triple point well before the macroscopic yielding.
Similar evidence of microscopic plastic deformation in struts well
before macroscopic yielding has been observed experimentally
by Zhou et al. (2004). Due to the presence of a large elastic core,
the tangent stiffness of the strut is close to the elastic stiffness
and leads to the yielding of the surface and subsurface ﬁbers in
the adjacent regions, see the contour lines at instant ‘2’ in
Fig. 3(c). This elastic–plastic front initially spreads laterally along
the length of the strut. In case of a perfectly-plastic strut material,
soon the lateral spreading ceases and a localized plastic hinge
develops near the triple point (see the solid contour line in
Fig. 4(c)) by the progressive yielding of all the ﬁbers in the cross
section. However, due to strain hardening of the strut material,
localized hinge formation is hindered and a more diffuse plastic
zone forms with increasing strain (Fig. 3(c)). The elastic–plastic
transition in the stress–strain curve occurs gradually due to the
progressive yielding in the strut thickness and length directions.
Fig. 3(a) shows that the power law constitutive behaviour at the
microscopic scale, Fig. 3(b), has reﬂected in a non-linear macro-
scopic response of the structure. For a linear strain hardening
material behaviour (not shown here), the solid material behaviour
is reﬂected in the overall stress–strain behaviour and the elastic–
plastic boundary shape and evolution follow a similar trend. The
hardening in the structure is also linear after a small non-linear
transition period. The stress proﬁle at the triple point for this case
is bi-linear since the ﬁber strain varies linearly with the thickness.
The stress–strain behaviour for different Ns, but for the same rY,
is compared in Fig. 4aa for uniaxial tensile loading. As the strain
hardening exponent of the material is increased, the hardening
exponent of the structure also increases, but is not equal to that
of the solidmaterial as will be shown later. The effect of strain hard-
ening on the stress state at the triple point and the plastic zone size
and shape in the inclined strut of the unit cell is presented in
Fig. 4(b) and (c), respectively. For an elastic–perfectly-plastic solid
material, a localized plastic hinge forms. When the material’s hard-
ening is increased, the plastic zone size increases and spreads out
over a large region. It can be observed that at an overall strain of
9%, at least 75% of the strut length has started to yield for Ns = 0.3.3.1.2. Effect of non-uniform cross section
The strut proﬁle is usually concave in shape. In various studies,
this shape is mimicked using linear (Chen et al., 1999) and non-lin-
ear proﬁles (Harders et al., 2005; Gong et al., 2005; Onck et al.,
2004). Here we consider a parabolic strut proﬁle (Harders et al.,
2005) given by
tðxÞ ¼ t0 3ð1 trelÞ 2ð
x 1Þ
l0
 2
þ trel
" #
: ð24Þ
The long axis of the strut is parametrized by x ¼ 2x=l 2 ½0;2.
The surface area of the strut (i.e. the strut volume per unit out-
of-plane thickness) is determined by t0 and the proﬁle variation
is given by the parameter trel ¼ tðx ¼ 1Þ=t0; 0 < trel 6 1. This rela-
tion ensures a constant surface area per strut for different trel,
allowing comparison of different strut proﬁles for the same relative
density. In the following simulations with non-uniform strut thick-
ness, we take trel = 0.7 and Ns = 0.2 for which the corresponding
strut shape can be seen, for example, in Fig. 5(b). For bending struc-
tures it is known that a non-uniform strut, which is thicker at its
ends, has a higher elastic stiffness compared to a uniform strut
with the same strut volume. The reason for this is that at the loca-
tion of high bending moment the strut is thicker and thus more
resistant to bending deformation owing to the cubic thickness
dependence of the bending stiffness. Fig. 5(a) also shows a higher
yield strength for the unit cell with non-uniform struts under uni-
axial tension. Since the strut is thicker near the triple point, for a
given bending moment the maximum stress developed at the out-
er ﬁbers will be lower in case of a non-uniform strut. In this sce-
nario, the initiation of yielding and the formation of the plastic
hinge occurs at a location away from the triple point depending
on the thickness variation as can be seen from Fig. 5(b). Fig. 5(c)
shows the evolution of the stress proﬁles at the initial yield loca-
tion along the strut length. A diffused hinge formation can also
be observed. A non-uniform strut also has a higher hardening slope
due to geometric hardening induced by greater reorientation of the
inclined strut (see Fig. 5(a)).
Under uniaxial straining, since the inclined member undergoes
larger axial deformation (see Fig. 5(f)), the elastic modulus of the
structure depends to a greater extent on the axial stiffness com-
pared to the bending stiffness. For the combination of strut shape
and trel used in Fig. 5(b), the axial stiffness of a non-uniform strut
is close to the axial stiffness of a uniform strut (refer Fig. 5 of Har-
ders et al. (2005)). Hence, the regular hexagonal structure with
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with uniform struts (see Fig. 5(d)). On the other hand, the yield
strength is lower for the non-uniform strut, since yielding occurs
under predominant tension at a cross section which is thinner
compared to the uniform strut of the same relative density. How-
ever, the overall elastic–plastic stress–strain response of the struc-
ture with non-uniform struts approaches that of the structure with
uniform struts as trel? 1. Similar behaviour has also been observed
for linear hardening under both types of boundary conditions
which is not presented in this paper.
It has been shown in the literature that a structurewith non-uni-
form strut cross sections is stiffer and stronger in comparison with
uniform strut cross sections (Gong et al., 2005; Kim and Al-Hasani,
2002; Kim and Al-Hasani, 2001; Chuang and Huang, 2002; Li et al.,
2006). This is true when the loading is bending dominated as is the
case under uniaxial tension. However, as the axial deformation
mode becomes more prominent, as is the case under uniaxial
straining, the opposite is true, at least for the plastic response.
3.2. Evolution of plasticity in random Voronoi structures
In this section, simulations on random Voronoi structures with
uniform strut cross section are presented. The stress–stain curves
for tension and compression are shown in Fig. 6 for Ns = 0, 0.1and 0.2. When loaded either in tension or in compression, the
struts start to yield near the triple points following the initial elas-
tic deformation. These yielding events occur at random locations in
the structure. Quickly (within 1% overall strain) a considerably
large fraction of the strut length (see Fig. 6(c)), mainly constituting
the triple points (see Fig. 6(d)), becomes plastic. Further yielding of
the struts depends on the solid material hardening. An increased
hardening capacity of the solid material leads to higher stresses
in the plastic zone which will induce yielding in its neighbouring
elastic regions. This effect is evident in Fig. 6(c) showing that the
structure with elastic–perfectly plastic material (Ns = 0) shows a
lower plastic strut length (lpl) compared to the one with power
law hardening material. In Fig. 6(c), ltot is the sum of all strut
lengths and lpl/ltot is its fraction that has plastically yielded. Irre-
spective of the hardening of the solid material, structures under
tension always show a larger plastic strut length compared to
the structures in compression. This is due to the reorientation of
the struts towards the loading direction in tension. It should be
noted here that while calculating lpl in Fig. 6(c), the entire length
of a beam ﬁnite element is counted if at least one of its outer ﬁbers
has yielded. Hence, in order to get a more accurate picture of plas-
ticity in these networks one has to relate Fig. 6 with Fig. 4(c).
Typical strain maps of a Voronoi structure under tension and
compression for the three values of Ns considered here are shown
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rather uniform without localization, for all Ns values. The stress–
strain response of a Voronoi is similar in trend to that of a hexag-
onal structure. For a Voronoi structure with an elastic–perfectly
plastic cell wall material subjected to uniaxial compression, fol-
lowing the random yielding of the triple points, a localized strain
band is formed due to the plastic collapse of the cells within a weak
path. This localization occurs in a very narrow band of cells and is
characterized by its very high local strains as can be observed in
Fig. 7(a) (bottom strain map). This collapse band produces a peak
in the overall stress–strain curve shown in Fig. 6(b). However, this
strain localization is hampered when the solid material can harden.
As has been observed with the hexagonal structure, hardening of
solid material leads to diffused plasticity along the struts that in-
creases the local stresses, thus leading to a more uniform strain
distribution, which even tends to become uniform at higher Ns (re-
fer to Fig. 7). In case of high linear-strain hardening strut material,
the tendency of uniform cell deformation without strain localiza-
tion has also been observed in the compression of regular struc-
tures (Papka and Kyriakides, 1994). Due to the absence of
localized deformation for Ns > 0, no clear peak can be observed in
the stress–strain curve in Fig. 6(b). In crushing of regular hexagonal
structures, Papka and Kyriakides (1994) have reported a similar ef-
fect of strain hardening on the peak and showed that even monot-
onously increasing stress–strain curves are possible for very highstrain hardening. Similar to tension, an increased Ns leads to in-
creased plastic strut length (see Fig. 6(c)). For both perfectly plastic
and power law hardening behaviour, the rate of plasticity develop-
ment, related to the slope of the curves in Fig. 6(c), is lower in com-
pression due to strain localization.
3.3. Mechanism of hardening
The tensile stress–strain response of the hexagonal structure
with elastic–perfectly-plastic material behaviour exhibits some
hardening (see the solid lines in Fig. 4(a)). Since the structure un-
der tension tends to align its inclined strut along the loading axis,
the axial force along the strut increases with loading. When the ax-
ial deformation is increased signiﬁcantly, the cellular material
tends to become stronger. The net effect is an increasing load bear-
ing capacity with straining. We refer to this mechanism of harden-
ing due to geometry changes as ‘geometric hardening’.
This mechanism of hardening is found to interact with the
material’s intrinsic strain hardening, leading to an overall harden-
ing that is more than the sum of the two. To investigate the effect
of geometric hardening, we also perform simulations that do not
account for ﬁnite geometry effects. In other words, the geometry
of the unit cell has been frozen without updating the nodal co-ordi-
nates in the ﬁnite element calculations. This setup is referred to as
ﬁxed geometry in this paper, to distinguish it from the usual proce-
Fig. 7. Strain maps in tension (top) and compression (bottom) plotted at an overall strain * = 0.05 and 0.048, respectively, whose overall behaviour is shown in Fig. 6.
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ear material hardening is discussed here.
Fig. 8(a) shows a curve for the elastic–perfectly plastic material
behaviour in a ﬁxed geometry scenario, which will be referred to as
the base curve hereafter. In this case, after a small elastic–plastic
transition region, a constant stress plateau is reached showing no
signs of hardening. The small transition region is a result of the pro-
gressive formation of the plastic hinge. In addition, two more com-
binations were considered: (a) including geometric hardening but
no material hardening (perfectly-plastic behaviour, updated geom-
etry) and (b) including only material hardening but no geometric
hardening (material hardening, ﬁxed geometry). The dashed line
in Fig. 8(a) is constructed by adding the pure geometric hardening
(the difference between the perfectly plastic, updated geometry
curve and the base curve) and pure material hardening (the differ-
ence between material hardening, ﬁxed geometry curve and the
base curve) to the base curve. If the overall hardening were a linear
combination of geometric and material hardening, the recon-
structed curve (dashed line) would have coincided with the curve
for updated geometry and material hardening (where the geomet-
ric and material effects are both present at the same time). Appar-
ently this is not the case. Moreover, the difference between the
derived curve and the regular curve increases non-linearly with
increasing plastic strain indicating that these two kinds of harden-
ing interact continuously. Under compression the effect of the
geometry is to produce some softening. Thus, the perfectly-plastic
material with updated geometry lies below the base curve in
Fig. 8(b). The same synergy can be seen in compression but now
as a combination of material hardening and geometric softening.
The samemechanism has also been observed in Voronoi structures.3.4. The effect of density on hardening
In this section, we will study how density will affect the hard-
ening behaviour. In Section 3.4.1, we will focus on linear hardening
for which closed-form expressions for the overall hardening as a
function of relative density will be obtained. In Section 3.4.2, we
study the effect of density on power law hardening in cellular sol-
ids. Numerical simulations will be ﬁtted to obtain expressions that
describe the overall hardening exponent as a function of the solid’s
hardening exponent, relative density and the solid’s yield stress.
3.4.1. Linear hardening
By considering a regular hexagonal honeycomb (see Fig. 2(a)),
with uniform cell wall thickness t and strut length l, scaling of
the elastic modulus and the plastic collapse strength of the regular
hexagonal honeycomb with perfectly plastic cell wall material is
given by Gibson and Ashby (1997) as
E1
Es
¼ E

2
Es
¼ 4ﬃﬃﬃ
3
p t
l
 3
; ð25Þ
and
ðrplÞ1
rY
¼ ðr

plÞ2
rY
¼ 2
3
t
l
 2
ð26Þ
respectively. Here Es is the elastic modulus of the solid material, E* is
that of the structure and rpl is the plastic collapse strength. These
relations are obtainedwith the assumptions of (i) small deformation,
(ii) small strain, (iii) perfectly plastic cell wall material, (iv) sudden
yielding of the entire cross section forming a localized hinge and
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cell wall material, a non-linear transition regime occurs due to the
spreading of the plastic zone in the strut thickness and length direc-
tions. After this non-linear response, a linear regimeprevails until the
geometric effects dominate the material hardening. When the strain
hardening is sufﬁciently high, the plastic zone covers most of the
strut volume beyond the non-linear transition regime.
In order to derive scaling relation for the plastic tangent modu-
lus H*, we (a) neglect the non-linear transition, (b) assume small
deformations and (c) assume yielding of the entire strut volume.
The solid material hardening is given by Eq. (6), where the plastic
tangent modulus H of the solid material will be referred to here as
Hs. Following similar to Gibson and Ashby (1997) with the above
assumptions, structural mechanics yields the scaling of the in-
plane plastic tangent moduli (H1 and H

2) for a regular hexagonal
honeycomb at small deformations as
H1
Hs
¼ H

2
Hs
¼ 4ﬃﬃﬃ
3
p t
l
 3
: ð27Þ
Note that by setting Hs = Es, one recovers Eq. (25), showing that
the scaling of the plastic modulus is the same as that of the elastic
modulus (Eq. (25)) for hexagonal honeycombs. When cellularstructures are arranged into groups based on their spatial dimen-
sion and deformation mechanism, then, irrespective of the spatial
architecture of the cell structure, the properties of all cellular struc-
tures of one group scale with the same power of relative density
(Gibson and Ashby, 1997). The architectural information is col-
lected into the coefﬁcient outside the relative density term in these
scaling relations. It is only this coefﬁcient that differs from one
structure to the other. For regular structures these are obtained
analytically; whereas in the case of irregular structures these have
to be obtained by ﬁtting the scaling relation to the experimental or
numerical data.
Next we compare our numerical results to the analytical scaling
relation derived above. The uncoupled strain model (see Appendix
A.1) is used. In order to identify the inﬂuence of large deformations
in the structure which leads to strut reorientation, we use two ap-
proaches: small deformations (i.e. ﬁxed geometry) and ﬁnite defor-
mations (i.e. updated geometry), refer to Section 3.3. The plastic
tangent modulus H* of the structure is obtained from the slope of
the overall stress–strain curves in the plastic regime, H* = dr*/d*.
Under either tension or compression, the plastic tangent modulus
after the elastic–plastic transition in the small deformation regime
ﬁrst decreases with overall strain. When the relative volume of
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rate and the modulus converges to a unique value. This holds for
compression at ﬁnite deformations as well. However, for tension
at ﬁnite deformations, the simulations result in a slope that ﬁrst
decreases (due to increased yielding) and then slowly increases
(due to orientational hardening). For the scaling studies, the mini-
mum slope is taken for the tension calculations and the slope at
* = 0.1 is selected for all other cases.
The results for regular hexagonal structures are presented in
Fig. 9. The slope of the hardening–density relation is indicated next
to each curve. The solid line is for the regular hexagonal structure
in tension for small deformations. The slope for small deformations
is 2.96 which is close to the analytical value of 3. Obviously, at
small deformations the results are the same for tension and com-
pression. The curve in tension with ﬁnite deformations results in
a slightly lower slope of 2.76, while in compression (with ﬁnite
deformations) the slope is 3.02, which is very close to the theoret-
ical value. Clearly, the reduced slope in tension is due to geometric
hardening which enhances the hardening capacity predominantly
at the lower relative densities.
For Voronois with linear strain hardening, the scaling in tension
deviates considerably from the theoretical scaling of honeycomb
structures (see Fig. 9). A slope of 2.78 is obtained under small
deformation conditions while under ﬁnite deformation conditions
the slope is 2.4. In regular hexagons yielding of all the triple points
occurs simultaneously due to the symmetry of the structure. In
random Voronois, however, progressive and random yielding of
triple points leads to a gradual decrease in tangent stiffness (see
Fig. 6) resulting in extra non-linearity during the elastic–plastic
transition. This is believed to be the reason for the departure of
the slope in Fig. 9 for small deformations. The effect of ﬁnite geom-
etry reduces the slope even further to 2.4. Under compression the
stress–strain curve forms a peak followed by a valley due to the
formation of a deformation band. Hence, an appropriate deﬁnition
of the plastic modulus is not possible in compression.3.4.2. Power law hardening
Scaling of the elastic modulus and the plastic collapse strength
(yield strength) for perfect plasticity is well established both in the-
ory and through experiments. In this section, an attempt is made to
ﬁnd the scaling of the overall strain hardening exponent for power
law hardening materials to completely characterize the elastic–
plastic cellular material. The strain hardening behaviour of thesolid material is given by Eq. (7). If the same form of the relation-
ship is assumed for the cellular material under tension, we have
r ¼ rpl 1þ
E
rpl
p
 !N
;  > pl; ð28Þ
where rpl is the yield stress (in tension), E* is the elastic modulus
and pl ¼ rpl=E of the cellular structure. If the accumulated strain
after yielding is p ¼   pl, we can write
r
rpl
¼ 

pl
 !N
;  > pl: ð29Þ
First rpl and pl are obtained from the numerical results by iden-
tifying the point at which the stress–strain curve starts to deviate
from linearity. Then, the above relation is ﬁtted to the simulation
data to get N*. It should be noted that Eq. (28) describes a discon-
tinuity in the slope at rpl, whereas the stress–strain curves numer-
ically obtained always have a smooth transition in slope from the
elastic to the plastic regime. The early transition zone in the
stress–strain curve with a high degree of non-linearity is difﬁcult
to ﬁt to the above equation. This leads to a certain degree of loss
in accuracy during the ﬁtting procedure. Another source of inaccu-
racy arises due to the geometric hardening for low relative density
structures, due to which it is hard to choose a single representative
strain range common to all relative densities. Hence, the strain
range over which the ﬁts are obtained is manually chosen for dif-
ferent relative densities which varies from 0.02 (low q*/qs) to 0.08
(high q*/qs).
Fig. 4(a) shows the stress–strain curves of regular hexagonal
honeycombs. In this ﬁgure, the yield stress of the solid material
is kept constant at 150 MPa, but the hardening exponent Ns is var-
ied. Fig. 10(a) shows the overall hardening exponent N* as a func-
tion of relative density for different Ns. For small deformation
conditions, the material’s hardening exponent has been recovered
for the unit cell and is independent of the relative density as ex-
pected (Fig. 10(a)). Some error in the ﬁtted N* values occurs due
to the non-linearity introduced because of the spreading of plastic-
ity across the strut thickness and along the strut length, leading to
minor inaccuracies in the ﬁtting procedure as mentioned above.
Similar curves for ﬁxed geometry conditions were also produced
for rY = 50, 100, 200, 250 and 300 MPa showing that the hardening
exponent is identical to that of the solid material and is indepen-
dent of the yield stress and relative density for small deformations.
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ular hexagon’s hardening exponent increases and is found to de-
pend on Ns, eY = rY/E and relative density (q*/qs). The effect of
the density on N* for both regular hexagons and Voronois can be
clearly seen in Fig. 10. As the relative density decreases, N*
increases.
For Voronois, the difference between N* and Ns under small
deformation conditions is larger compared to hexagonal structure
(see Fig. 10). The progressive random yielding of the strut volume
in the Voronoi structure (see Figs. 6(c) and 6(d)) is believed to con-
tribute to this extra hardening. For the ﬁnite deformation condi-
tions, shown by the solid line in Fig. 10(b), the Voronoi
structures display an increased overall hardening exponent com-
pared to the solid material. For low relative densities it can be a
factor 1.6 to 3 larger. In addition, the geometric hardening contri-
bution in the random structures can be clearly seen to be much lar-
ger than in the regular hexagonal structures.
Relation between N* and Ns. We ﬁnd that due to strut orientation
and gradual plastiﬁcation, the hardening exponent of the foam is
much larger than that of the solid material for both the regular
hexagons as well as for the random Voronois (Fig. 10). After a care-
ful examination of the various dependencies observed so far, a gen-
eral relationship of the form
N / Ns þ NgðNs;q=qs; eYÞ ð30Þ
can be expected, where the function Ng accounts for the additional
contribution of geometric hardening to the overall hardening.
Fig. 11(a) shows the inﬂuence of yield strain and relative density
on Ng respectively. Clearly, there is no dependence of Ng on either
the yield strain or the relative density at small deformation condi-
tions. In contrast, clear dependence on eY and relative density can
be observed at ﬁnite deformations. We have observed in our simu-
lations that the geometric hardening has a pronounced effect at low
relative densities compared to the higher ones, suggesting an in-
verse relationship on relative density. For a low solid yield stress/
strain, plastic deformation spreads more along the strut length by
the yielding of outer ﬁbers. As the yield strain is increased, plastic
yielding will be delayed. The further the ﬁbers are placed from
the triple point, the greater the difﬁculty in attaining the yield strain
since the curvature decreases with the distance from the triple
point. The effect is to restrict the plastic zone size and with a smal-
ler plastic zone behaving more like a hinge, reorientation of the
strut leads to enhanced geometric hardening Ng. There is also a
trend to increase the geometric hardening Ng with Ns (seeFig. 11(a)). However, this contribution is very small compared to
the contribution from either the relative density or the yield strain.
Finally, the simulation data is found to be well described by
N ¼ Ns þ a1 1ðq=qsÞ
þ a2
ﬃﬃﬃﬃﬃ
eY
p
; ð31Þ
with a1 = 0.0025 and a2 = 1.0 (see Fig. 11(b)). Although the coefﬁ-
cient a1 appears to be small, the contribution of the relative density
term is about 10–32% of the Ns for the range of densities covered
here. Since the contribution of Ns to Ng is very small compared to
the other contributions, it is neglected.
4. Discussion: the effect of heat treatment
Themechanical properties of many engineeringmaterials can be
altered by a heat treatment which produces a change in the micro-
structure of the solid. The yield stress, the hardening exponent and
the fracture stress are among those properties which are usually af-
fected by the heat treatment. The cellular microstructure (architec-
ture) remains unaffected, but any change in the solid material
properties will be reﬂected in the foam properties (Lehmhus and
Banhart, 2003; Krishna et al., 2007; Amsterdam et al., 2008b). In
this section we study the effect of heat treatment on the hardening
behaviour of the two-dimensional honeycombs and a qualitative
comparison of the trends is made with the experiments. Note that
care should be taken in relating the results of two-dimensional cal-
culations to experimental data on real three-dimensional foams.
Real foams have cells of different morphology and feature an addi-
tional out-of-plane constraint on the deformation of individual
cells. A comparison can therefore be qualitative at most.
Here we take typical properties for an annealed aluminium alloy
(rY = 41 MPa, Ns = 0.17 and rF = 105 MPa, referred to as AN) and a
tempered aluminium alloy (rY = 191 MPa, Ns = 0.05 and rF =
220 MPa, referred to as T6), see also Amsterdam et al. (2008b).
The relative density is taken to be 12% for both the regular hexagons
and random Voronoi structures.
In Fig. 13(a) it can be seen that the tempered hexagonal honey-
comb is stronger compared to the annealed structure. Since the
hardening exponent of T6 is low (Ns = 0.05), the stress proﬁle near
the triple point closely resembles that of an elastic-perfectly-plas-
tic strut material. However, even with this considerably low strain
hardening, the elastic–plastic boundary along the strut length as
well as the plastic hinge near the strut junction have been found
to be considerably diffused compared to the zero hardening case.
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Fig. 12. Scaling of the hardening exponent with relative density for (a) a regular hexagonal structure and (b) a Voronoi structure. The solid line is for updated geometry and
the dashed line is for ﬁxed geometry conditions.
(a) 0.2
0.16
0.12
0.8
0.2
0.16
0.8
0.12
ε*
σ
*
/σ
Y,
T6
0 0.02 0.04 0.06 0.08 0.1 0.12
0
0.01
0.02
0.03 (b)
0.160.2
0.2
0.12
0.16
0.8
0.12
0.8
ε*
D
0 0.02 0.04 0.06 0.08 0.1
0
0.1
0.2
0.3
0.4
0.5
0.6
(c)
ρ*/ρ
s
(%)
σ
* f/σ
Y,
T6
8 12 16 20 24
0.01
0.02
0.03
0.04
AN
T6
1
1.55
1
1.85
(d)
ρ*/ρ
s
(%)
ε* f
8 12 16
0.05
0.1
AN
T6
1
1
-0.83
-0.59
Fig. 13. Stress–strain curves (a) and corresponding damage indicator (b) for Voronoi structures under T6 (solid) and AN (dashed) conditions and different relative densities.
Scaling of the fracture stress (c) and fracture strain (d).
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highly diffused and larger plastic zone compared to T6 which is
due to the fact that the rY,AN is lower and the Ns,AN is higher. A low-
er yield stress results in early yielding and the increased strainhardening accelerates the stress increase in adjacent regions along
the strut.
Next we study how the overall hardening capacity N* is affected
by the heat treatment for a range of relative densities (Fig. 12). One
2094 K.R. Mangipudi et al. / International Journal of Solids and Structures 47 (2010) 2081–2096of the striking observations in Fig. 12 is that the effect of geometric
hardening is much higher in the random structures compared to
the regular ones. For the random Voronoi structures at low relative
densities, the overall hardening N* increases by a factor of 4 com-
pared to Ns in the T6 hardened material, while it increases by a fac-
tor of 1.5–2 in the annealed material. Here, the large yield stress of
the tempered material plays an important role (see Fig. 11). As a
consequence, the overall hardening exponents are of comparable
magnitude while the base material hardening exponents differ by
a factor of 3. A similar qualitative trend has been observed in the
experimental investigation by Amsterdam et al. (2008b).
A view on damage initiation. After the initiation of yielding, the
strain hardening of the material increases the stresses in the ﬁbers.
When the stress at the outer ﬁbers of a strut reaches the fracture
stress, then usually the fracture process in the strut is initiated.
Although, the scope of this paper is not to study the explicit evolu-
tion of damage, the peak stress for small samples can be estimated
from the early initiation of damage in random struts (see Amster-
dam et al. (2008b)). Then, the total number of struts that have ex-
ceeded the fracture limit can provide an indirect estimate of the
damage accumulation in the structure. A damage indicator D is de-
ﬁned as the number of the critical struts (struts in which at least
one of the outer ﬁbers has exceeded the fracture stress) divided
by the total number of the struts. It should be noted that at large
overall strains and for a rapidly hardening material, this damage
indicator can only be seen as a rough estimate since no unloading
of damaging struts is accounted for.
Fig. 13(a) presents the stress–strain curves for different relative
densities. Note that the stress in this ﬁgure is normalized with
rY,T6. These curves clearly show that the T6-tempered foams are
much stronger than the annealed samples. Fig. 13(b) shows the
damage curves for the cases shown in Fig. 13(a). The failure point
deﬁned by D = 0.25 is indicated on each of the curves of (a) by tri-
angles and squares for T6 and AN conditions respectively. Nearly at
this value of D, all the curves in Fig. 13(b) exhibit a saddle point,
which indicates that the fracture stress has been reached in many
struts and that for additional strain the damage rate will decrease.
This D value has been chosen as the critical damage level at which
the peak fracture stress rf
 
and the peak fracture strain f
 
has
been reached. It can be observed that the initiation of damage oc-
curs sooner (i.e. at small strains) for the T6 structures compared to
the annealed specimens for all the relative densities studied. Also
the damage accumulation rate, given by the slope of the curve in
Fig. 13(b), is higher in T6 than in AN. The observed trends are in
qualitative agreement with the experimental damage curves based
on resistance measurements carried out by Amsterdam et al.
(2008b).
In Fig. 13(c) and (d), we plot the peak stresses and strains (indi-
cated by the symbols in Fig. 13(a)) against the relative density for
Voronois under the tempered (T6) and annealed (AN) conditions.
The peak fracture stress rf scales with a power of 1.85 for T6
and 1.55 for annealed Voronois. The scaling of the peak strain
exhibits exponents of 0.59 and 0.83 for the T6 and annealed
Voronois, respectively. A similar strong power law dependence of
the peak stress has been reported in the experiments performed
by Amsterdam et al. (2008b). On the other hand, the experiments
show only a decreasing peak strain with increasing density for
low densities. At large densities the peak strain is found more-
or-less independent of densities suggesting a different mechanism
that cannot be picked up by the current two-dimensional model.5. Summary and conclusions
Plastic deformation in regular and random honeycombs has
been studied using a ﬁnite element model. Accounting for thegradual plastiﬁcation of the cross section, the development of plas-
tic zones near the triple points in regular hexagonal structures has
been analysed in detail. The strain hardening of the solid material
determines the plastic zone size, shape and the overall stress–
strain response. In bending-dominated structures, the plastic hinge
size increases with increasing hardening capacity (either linear or
power law hardening), covering most of the strut length for high
strain hardening solid materials. For structures under uniaxial
straining, axial deformation of the strut is the dominant deforma-
tion mode. Cellular materials are much stronger under uniaxial
straining compared to uniaxial tension. On the other hand, hexag-
onal structures with non-uniform cross section are stronger and
stiffer in uniaxial tension but are weaker in uniaxial straining. In
random Voronoi structures subjected to tension or compression,
although the random triple point yielding is only slightly inﬂu-
enced by strain hardening, the volume of the material that be-
comes plastic is greatly affected. In compression, strain
localization is hindered when the hardening capacity of the solid
is increased.
In cellular structures, a second mechanism of hardening exists
due to the internal geometry changes and is profound at low rela-
tive densities. The material hardening and geometric hardening
combinedly produce a synergistic effect at large strains. At small
strains, the scaling of the in-plane plastic tangent modulus is close
to the analytical scaling for hexagonal honeycombs. At ﬁnite
strains, the it deviates from the analytical predictions due to the
geometric hardening. This departure is much higher in random
Voronois.
For power law hardening, the overall hardening is found to be a
sum of the solid’s intrinsic material hardening and geometric hard-
ening. The geometric hardening is a strong function of the relative
density and the yield strain, but is a weak function of the solid
material hardening. A closed-form expression has been proposed
that captures these dependencies.
Simulations with the annealed and tempered material parame-
ters clearly show how the combination of the different material
properties affect the mechanical behaviour of the cellular struc-
ture. The microstructural origin of the different hardening and
damage mechanisms have been identiﬁed and related to the plas-
ticity development inside the struts. A strong scaling for the
uncoupled peak stress and peak strain has been found for both
the heat treatment conditions and the trends observed are found
to be in qualitative agreement with the experiments.
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dreas Mortenson for helpful discussions.Appendix A. Expressions for the axial force and the bending
moment
A.1. Uncoupled normal and bending strains
For the uncoupled strain assumption, the onset of yielding is de-
ﬁned by either jej ¼ eY or jtj/2j = eY, with eY = rY/E and correspond-
ingly we require plastic constitutive laws for either the normal
force or the moment.
When the yielding occurs due to bending, we require a relation
for the moment in the plastic range. The strain at a material point
due to curvature can be written as
e ¼ yj ðA-1Þ
and the stress corresponding to the strain due to curvature is r.
Note that this stress proﬁle is symmetric. The stress r will be given
K.R. Mangipudi et al. / International Journal of Solids and Structures 47 (2010) 2081–2096 2095by the material’s elasto-plastic behaviour. First we consider linear
strain hardening for the material given by Eq. (6). The curvature
of the beam at the onset of yielding is j0 ¼ jjjj ð2eY=tÞ. Note that
by deﬁnition j0 has the same sign as the curvature. With plastic
deformation, the elastic–plastic boundary, where jej = eY, moves
inwards (see Fig. 1). The point of yielding on the positive side of y
is n ¼ t2 j0j . The moment can be obtained by integrating the stress
r through the thickness of the beam. From Eqs. (A-1) and (6) and
exploiting the symmetry in the stress proﬁle, the moment M can
be written as
M ¼ 2b
Z t
2
0
rydy
¼ 2b 
Z n
0
Ejy2 dyþ
Z t
2
n
rYð1 gÞ þ Hjjyjð Þydy
" #
ðA-2Þ
where g = H/E. Therefore for the entire range of j, the moment–
curvature relation is
MðjÞ ¼
EIj 8 06 jjj6 jj0j;
EIj ð1gÞ j0j
	 
3þgh iþ jjjjMPð1gÞ 1 j0j	 
2h i 8 jjj> jj0j:
(
ðA-3Þ
For the special case of elastic–perfectly plastic behaviour, the
moment–curvature relationship can be found by setting g = 0.
For g = 0 and in the limit j?1, the moment M?MP.
Similarly, the hardening relation for the axial force can be
obtained by integrating the stress due to the axial strain e ¼ e.
For linear hardening given by Eq. (6), we have
PðeÞ ¼
EAe 8 0 6 jej 6 eY;
e
jejAðrY þ HjepjÞ 8 jej > eY:
(
ðA-4Þ
Similarly, for power law strain hardening described by Eq. (7),
the plastic moment and the normal force relationships take the
following form:
MðjÞ ¼ EIj j0
j
 3
þ jjjj
2
2þ NMP
j
j0
 N
1 j0
j
 2þN 
8 jjj > jj0j;
ðA-5Þ
and
PðÞ ¼ ejejArY 1þ
E
rY
jepj
 N
8 jej > eY: ðA-6ÞA.2. Coupled normal and bending strains
In this approach, the stress resultants are dependent on both e
and j. The strain at a material point p(x,y) is now given by
eðyÞ ¼ e jy: ðA-7Þ
The stress proﬁle r(y) is therefore asymmetric. The quantities
n and n in Fig. 1 represent the position of the boundaries
between the elastic and plastic regions of the beam and are
given by
n ¼ rY
Ejjj þ SignðjeÞ
e
j

 and n ¼  rYEjjj þ SignðjeÞ ej

: ðA-8Þ
Plastic ﬂow in the beam is initiated as soon as the ﬁrst ﬁber (i.e.
either the top or the bottom ﬁber) has yielded. The non-linear
stress state across the beam thickness is integrated to obtain
closed-form expressions for the normal force and the moment as
functions of the axial strain e and the curvature j:Mðe;jÞ ¼ b
Z n
t2
e
jejrY 1þ
E
rY
jepj
 N
ydyþ
Z n
n
Eeydy
(
þ
Z t
2
n
e
jejrY 1þ
E
rY
jepj
 N
ydy
)
ðA-9Þ
and
Pðe;jÞ ¼ b
Z n
t2
e
jejrY 1þ
E
rY
jepj
 N
dyþ
Z n
n
Eedy
(
þ
Z t
2
n
e
jejrY 1þ
E
rY
jepj
 N
dy
)
: ðA-10Þ
Evaluation of the integrals is straightforward and the closed-
form expressions are presented below.
If we deﬁne b = E/rY then the power law hardening relation in
Eq. (7) can be rewritten to take the form
r ¼ ejejrYð1þ bje
pjÞN: ðA-11Þ
The same form of a hardening law can be reduced to linear
hardening by replacing b with H/rY and N = 1.
After evaluating the integral and some algebraic manipulation,
Eq. (A-9) takes the form
Mðe;jÞ ¼b rYðNþ1Þbj  1þb eþj
t
2

 eY
  Nþ1 t
2
  
 1þbðjejnj eYÞ
	 
Nþ1
n

þ rYSign eþj
t
2
	 

ðNþ1ÞðNþ2Þb2j2
 1þb eþj t
2

 eY
  Nþ2
 1þbðjejnj eYÞ
	 
Nþ2 !
þE j
3
ðn3 n3Þþ e
2
ðn2 n2Þ
 
þ rYðNþ1Þbj
 1þbðjejnj eYÞ
	 
Nþ1
n  1þb ej t
2

 eY
  Nþ1 t
2
 !
þ rYSign ej
t
2
	 

ðNþ1ÞðNþ2Þb2j2 ð1þbðj
ejnj eYÞÞNþ2

 1þb ej t
2

 eY
  Nþ2!!
; ðA-12Þ
where n and n are given by Eq. (A-8)
The axial force is obtained in a similar fashion to give
Pðe;jÞ ¼ b 1þ b
eþj t2
  eY	 
	 
Nþ1  ð1þ bðjejnj  eYÞÞNþ1
ð1þNÞbj
 
þ j
2
ðn2  n2Þ þ eðn  nÞ
 
þ 1þ b
ej t2
  eY	 
	 
Nþ1  ð1þ bðjejnj  eYÞÞNþ1
ð1þNÞbj
!
:
ðA-13Þ
However, these equations cannot be directly employed for a
perfectly plastic material. For this case, the force and moment have
to be obtained separately so that
Mðe;jÞ ¼ brY
2
Sign eþj t
2
 
t2
4
 n2
 
þ Sign ej t
2
 
n
2  t
2
4
 
þ 2b
3
Ejðn3  n3Þ ðA-14Þ
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Pðe;jÞ ¼ brY Sign eþj t2
 
n þ t
2
 
þ Sign ej t
2
 
n  t
2
  
þ b
2
Ejðn2  n2Þ: ðA-15ÞAppendix B. Generalized viscoplastic strain rates
By using _jvp ¼ d _hvpdx and _hvp ¼ d _v
vp
dx , we can integrate Eqs. (19) and
(20) along the length of the beam which gives
l _vp1 ¼
Z
x
_e0
P
P0
 n
dx ¼ _e0 PP0
 n
xþ c1; ðB-1aÞ
_hvp ¼ _j0
Mn0ðnþ 1ÞV
ðM2  Vðl xÞÞnþ1 þ c2 ðB-1bÞ
and
_vvp ¼ _j0
Mn0ðnþ 1Þðnþ 2ÞV2
ðM2  Vðl xÞÞnþ2 þ c2xþ c3; ðB-1cÞ
where c1, c2 and c3 are integration constants. For V– 0, these con-
stants are evaluated by substituting the boundary conditions
_evp1 ¼ l _vp1 ¼ l _e0ðP=P0Þn;
_evp2 ¼ ð _v1  _v2 þ _/1lÞ ¼ CAðTnþ21  Tnþ22 Þ þ CBðTnþ11 Þ;
_evp3 ¼ ð _/2  _/1Þl ¼ CBðTnþ12  Tnþ11 Þ;
ðB-2Þ
where
CA ¼
_j0
ðnþ 1Þðnþ 2Þ
M0
V
 2
; CB ¼ l
_j0
nþ 1
M0
V
;
T1 ¼ M2  VlM0 ; and T2 ¼
M2
M0
:
When V = 0, i.e. for pure bending, e˙1 is neglected and for the
bending related generalized strains we have
_evp2 ¼  _j0
l2
2
M2
M0
 n
; ðB-3Þ
and
_evp3 ¼ _j0l2
M2
M0
 n
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